Knowledge of the mass distribution and momentum actuator alignment parameters of a spacecraft is vital to the control of its attitude motion. The difficulty of measuring the complete set of these quantities prior to launch along with the potential for changes in the spacecraft mass distribution during operations suggests the utility of estimating these parameters in-orbit from available telemetry data. This paper develops a series of possible on-board parameter estimation schemes based on measurement equations describing the angular momentum and kinetic energy states of the rigid-body system. The performance of the algorithms is compared over both a simulated maneuver and a series of data sets from the MESSENGER spacecraft.
INTRODUCTION
Successful spacecraft attitude control and general operations are typically predicated upon knowledge of the mass distribution of the spacecraft and the alignment of relevant actuators. The mass distribution, in the form of a body-fixed inertia matrix, can be predicted to a limited extent by summing contributions from individual components on the basis of their assumed locations. This component-level knowledge, however, is not necessarily always available or accurate (e.g. in the cases of a broken appendage or of modeling fuel distribution, respectively). Modeling errors introduced in the form of an inaccurate mass distribution produce inaccurate predictions of attitude motion under feedback control, resulting in a mismatch between desired and actual spacecraft pointing performance. Residual attitude-actuator alignment errors after hardware integration and testing can similarly affect closed-loop pointing performance. Developing the capability to estimate these inertia parameters and actuator alignment errors in-orbit would not only aid in optimizing spacecraft pointing performance but also provide a means to diagnose erroneous or unexpected rigid-body attitude motion due to mass distribution changes, such as a failed deployment, or attitude actuator misalignments.
The literature suggests several approaches to estimating these parameters from spacecraft telemetry data. One general set of methods makes use of the rigid body attitude equations of motion described by Euler's equation * .
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Bergman, Walker, and Levy developed a second-order filter to extract rigid body inertia parameters a discrete form of equation (1) that neglected the gyroscopic term in the presence of known thruster inputs and external disturbances, and they tested it on simulated shuttle orbiter maneuvers. 1 Wilson, Sutter, and Mah similarly developed a filter producing inertia parameters and thruster modeling based on equation (1) but chose to include the gyroscopic term. 2 Thienel, Luquette, and Sanner developed an adaptive attitude control algorithm based on equation (1) that concurrently yields an estimate of the spacecraft inertia parameters. 3 Fosbury and Nebelecky limited their approach to determining actuator alignment parameters in the presence of a known mass distribution noisy telemetry data. 4 As noted by Fosbury and Nebelecky, methods using equation (1) as the basis for a measurement equation necessarily make use of the time derivative of the body rotation rate,ω, a quantity that must be derived from numerical differentiation. The amplification of noise introduced in this process limits the quality of the estimates produced.
Tanygin and Williams suggested a second approach to the problem of inertia parameter estimation that integrates a projection of the rigid body dynamics to produce an equation relating the rotational kinetic energy of the spacecraft at two times τ = 0 and t to the work done by the actuator inputs. 5 
This projection removes the gyroscopic term and allows for the inertia parameters to enter the measurement equation linearly, naturally lending itself to the formulation of a batch least-squares estimation problem. Tanygin and Williams successfully tested the algorithm on simulated and actual data produced by the Simplified Aid for EVA Rescue (SAFER) system. 5 The algorithm depends, however, upon knowledge of the initial kinetic energy and the accuracy numerical integration scheme used to produce the work done by the torque inputs. Simple implementations of such a numerical integration technique requires a small, fixed time step between measurements, especially in the case of a recursive, on-board estimation scheme.
A third approach instead examines the angular momentum of the spacecraft, corresponding to the integral of equation (1) with respect to time. Under the specialized case where external torques can be neglected, the total angular momentum vector of the spacecraft remains inertially fixed:
Peck introduced the use of conservation of angular momentum, described by equation (3) , as the basis of a batch least-squares estimator for spacecraft inertia parameters. [6] [7] [8] The scheme operates by comparing the calculated momentum state at two distinct times and generating suitable inertia parameters by minimizing the resulting error. A distinct advantage of this approach over others is the ability to compare measurements with arbitrary temporal spacing. Peck extended this approach by incorporating the gravity-gradient torque as a known external input. 9 A version of a momentumbased approach with momentum actuators was successfully tested on Cassini flight data. 10 Psiaki further developed this method by including reaction wheel and magnetic torquer alignment and scaling parameters, and he applied it to data from the Wilkinson Microwave Anisotropy Probe (WMAP) spacecraft. 11 Whereas Psiaki compared sequential angular velocity, spacecraft attitude, and actuator input states, in general, the optimal choice of time indices to compare in equation (3) is unclear: comparing states with large temporal separations may violate the assumption of conservation of angular momentum, but small separations may not provide sufficient information during coasting maneuvers.
This paper proposes a novel momentum-based estimation scheme for inertia and reaction-wheel alignment parameters that addresses several concerns raised by the above approaches. The scheme takes a recursive form and simultaneously estimates the momentum, inertia parameters, and actuator alignment in the presence of additive noise in the spacecraft attitude-dynamics states. Because the measurement equation that describes the angular momentum of the spacecraft is of a form similar to that of equation (3) rather than torque balance in the form of equation (1), no numerical time derivatives of wheel speeds or body rates are necessary, and non-uniform temporal separation between measurements is acceptable. Inclusion of the angular momentum state allows for the development of a measurement equation comparing the calculated angular momentum at a single time index to a simultaneously developed "optimal" angular momentum estimate.
Several variations of the parameter estimator are developed, incorporating different combinations of estimated states and measurement equations. The paper first describes the development of the estimation algorithm and then examines the performance of the proposed algorithm over a simulated maneuver and a series of calibration maneuver data sets from the MErcury Surface, Space ENvironment, GEochemistry, and Ranging (MESSENGER) spacecraft. The paper ends with a summary of the algorithm performance and discussion of the results.
ALGORITHM DEVELOPMENT
Developing an estimation scheme first requires a suitable description of the measurements observed and the dynamics equations describing the estimator-state time evolution. In the case of the inertia and actuator alignment parameter estimation problem, the state dynamics are modeled as a discrete-time system, allowing for the implementation of several standard sub-optimal filtering approaches, such as an Extended Kalman Filter (EKF) or Extended Square-Root Information Filter (ESRIF):
In addition to the momentum-based inertia and actuator-alignment parameter estimator, four other estimation schemes are developed for comparison. The first of these corresponds to a recursive formulation of an inertia estimation scheme using only the rotational kinetic energy equation from equation (2) . As the measurement equation for this estimator is independent of the actuator axes, the actuator-alignment error parameters are not included in this estimator. The second variation estimates only the angular momentum and inertia parameters, effectively assuming that the actuator alignment is known precisely. The third estimation scheme includes both angular momentum and energy measurements and states along with inertia parameter states. The fourth variant similarly incorporates both the angular momentum and rotational kinetic energy measurements and states to estimate both the inertia and actuator-alignment parameters. The original estimation scheme and these four variants are all composed of different combinations of the same base set of measurement equations (angular momentum and rotational kinetic energy) and estimation states (h, T ,Ĩ, P ). 
The body rates and reaction-wheel speeds reported in the telemetry data are assumed to be corrupted by additive, zero-mean noise that follows a normal distribution. Similarly, the direction cosine matrix k Q N describing the attitude of the spacecraft with respect to an inertial reference is assumed to be multiplied by an error rotation matrix that can be represented as a small-angle rotation about an arbitrary axis:
Measurement Equations
In the absence of external torques, the total angular momentum of the spacecraft remains inertially fixed and is determined by the sum of contributions from the spacecraft bus and momentum actuators. Because the body rates and reaction-wheel speeds are reported in body-fixed coordinates, the calculation incorporates the spacecraft attitude with respect to inertially fixed references coordinates to rotate the angular momentum to the body-fixed coordinates.
Linearizing equation (6) about current estimates of the angular momentum, inertia, and actuator alignment parameters, along with the descriptions ofā i and [∂a i /∂p i ] (see Appendix) equations (23) and (24), reformats the measurement to match equation (4):
For the estimation schemes that do not include the actuator-alignment parameters in the estimated state, the relevant columns of the matrices in equation (7) are not included. The w h term is included as an optional additional source of noise in the angular momentum equation to help account for errors introduced by linearization.
The rotational kinetic energy of the spacecraft bus has a simple form depending only on the angular velocity of the spacecraft:
The estimator states included in equation (8) enter linearly. Noise in the angular velocity knowledge and additional measurement noise can be incorporated by linearizing about the current inertia estimate and adding the term w T (k) as an optional source of additional measurement noise:
Equation 9 can similarly be reformatted to match the measurement equation (4):
As the actuator alignment parameters do not appear in the measurement equation (10), they cannot be incorporated into an estimation scheme that uses only the rotational kinetic energy of the spacecraft as the basis for a measurement equation.
Discrete-Time Dynamics
Although several of the estimation state components are nominally constant parameters associated with the spacecraft attitude dynamics, making the assumption that they are modified by artificial process noise in the estimator formulation helps prevent the estimates from converging too quickly and not incorporating subsequent measurements. 1, 12 This inclusion has the added benefit of allowing these supposed constants to be slowly time-varying. In the case of the inertia and actuatoralignment parameters, this flexibility could help model unexpected variations in the spacecraft mass distribution or configuration. In the absence of external torques, the total angular momentum of the spacecraft expressed in inertial coordinates, h, is time invariant. The addition of the artificial process noise to the angular momentum state dynamics, however, partially accounts for unmodeled external environmental torques:Ĩ
The rotational kinetic energy state evolves based on the inputs to the reaction wheels. Projecting equation (1) onto the body-rate vector, ω, describes the continuous-time dynamics of the rotational kinetic energy:Ṫ
Integrating between times t k and t k+1 translates the continuous-time dynamics into a discrete-time form:
The integral in equation (13) requires continuous-time knowledge of ω andΩ. In practice, the attitude-dynamics states are known only at discrete times, and the reaction-wheel accelerations, Ω, need to be approximated from a known Ω time history, resulting in an approximation of the integral. The required fidelity of the particular integration scheme implemented depends largely on the sampling frequency of the available attitude-dynamics data.
Linearizing equation (14) about the measured attitude-dynamics states, specificallyω andΩ, allows for the appropriate incorporation of noise in the body-rate and reaction-wheel speed measurements into the discrete-time dynamics equation. Additional process noise, v T , can be incorporated to help minimize the errors introduced with the integration approximation of equation (14):
The partial derivatives of J included in equation (15) are dependent on the numerical differentiation scheme utilized to produceΩ and the numerical integration scheme used to approximate the integral of equation (14) .
REPRESENTATIVE ALGORITHM PERFORMANCE
Examination of the performance of the parameter estimators described by Table 1 over a computergenerated attitude dynamics history in a situation where the true parameter values are known provides a basis for comparison of the performance of the various schemes. Two sets of initial conditions were evaluated over the simulated maneuver for each of the estimation schemes. These schemes were implemented as an EKF and utilized trapezoidal integration to approximate the changes in the rotational kinetic energy state due to momentum actuator inputs given by equation (14) where appropriate. The parameter estimators were also applied to four sets of telemetry data from the MESSENGER spacecraft gathered during calibration maneuvers as examples of algorithm performance with actual data.
Performance with Simulated Data
The computer-generated attitude dynamics was based on the assumption of a rigid spacecraft with no applied external torques. The rigid body assumption neglects momentum and energy contributions from sources potentially included in higher-fidelity models, such as the effects of flexible structural modes or fuel slosh. The lack of external torques allows for the direct comparison of the momentum vector in inertial coordinates between two arbitrary times without needing to numerically integrate an input torque. Similarly, this simplification is equivalent to assuming that the only changes to the spacecraft rotational kinetic energy originate from the known momentum actuator inputs. Tanygin and Williams and later Peck addressed the incorporation of general external torques to energy-and angular momentum-based inertia estimation methods, respectively. 5, 9 In the performance evaluation here, measurements of the simulated wheel speeds, body rates, and attitude parameterization were assumed to be corrupted by noise in as described by (5) . The relevant physical parameters of the simulated spacecraft are given in Table 2 . The simulated maneuver consisted of a sequence of commanded rotations about spacecraft body axes with interspersed rotations about linear combinations of two body axes. Figure 1 shows the time histories of the computer-generated attitude, angular velocity, and wheel speed components. Pittelkau and O'Shaughnessy utilized a similar maneuver to estimate the gyro misalignment for the MESSENGER spacecraft. 13 The parameter estimation algorithms here were evaluated using the simulated maneuver and two sets of initial state estimates.
The first set of initial state estimates was based on the presumption of little knowledge of the angular momentum, energy, or inertia parameters but accurate knowledge of the actuator axes. The expectation was that this state would represent the ideal case for all the variants of the parameter estimators, as no errors due to actuator misalignment would be introduced into the algorithms incapable of appropriately compensating for them. Figures 2 and 3 respectively compare the magnitude of the inertia and alignment parameter errors across the implemented estimation schemes. Because only the "Base" and "Variant 4" estimation schemes from Table 1 include the actuator alignment parameter states, they are the only two compared in Fig. 3 .
As demonstrated in Fig. 2 , all five estimation schemes are capable of producing highly accurate estimates of the moments and products of inertia of a rigid body spacecraft. The estimators Variant 2 and Variant 3 converged to the true inertia parameters faster than the other schemes. These two variants did not include the actuator-alignment parameters as an estimated state but did include the angular momentum. Variant 3 also included the rotational kinetic energy measurement and state. These results suggest that including the angular momentum state and measurement improved the rate of convergence for the inertia parameters, but the performance of the algorithms was insensitive to the inclusion of the rotational kinetic energy. Inclusion of the alignment parameters, corresponding to the Base and Variant 4 estimators, resulted in comparatively worse performance, with Variant 4 producing the better of the two estimates of the inertia parameters. Similar results are seen in Fig. 3 , where Variant 4 results in slightly lower error in the actuator alignment parameters.
The second set of initial state estimates incorporated similar assumptions regarding the inertia, angular momentum, and rotational kinetic energy states but introduced an error in the form of an incorrect initial estimate of the actuator axes. This error was expected to result in poor inertia parameter estimates for the estimation schemes that did not include the actuator-alignment parameters as estimator states. The error in the initial actuator-axis estimates correspond to angular offsets of The final parameter and estimated standard deviations estimates produced by the different filter configurations for the two initial conditions sets and the simulated maneuver are detailed in Tables  3 and 4 . All filter variations performed well when the momentum actuator axes were known a priori. Introducing error into this initial guess, however, results in substantial errors in the inertia parameter estimates of the filters that do not include actuator-alignment error in the estimated state. Compounding the issue, the estimated standard deviations of the inertia parameters produced by these filters do not reflect this error, indicating that the filters are falsely confident of their final outputs. The filters estimating the actuator misalignment parameters, however, still produce accurate inertia parameter estimates along with the true momentum actuator axes. 
Performance with MESSENGER Data
The MESSENGER spacecraft launched on August 3, 2004 , and is scheduled to enter in orbit Mercury in March 2011. Flight operations to date have included several attitude maneuvers designed to improve star tracker and gyro alignment knowledge. 13 At each of the four maneuvers considered, an estimate of the inertia parameters of the spacecraft is available from pre-launch knowledge of the mechanical properties and location of individual rigid components and fuel. The presumed mechanical alignment of the reaction wheels is also available. The filter configurations described by Table 1 used the telemetry data generated by these maneuvers to form estimates of the inertia parameters and momentum-actuator axes. Tables 5 and 6 describe the final state estimates of the inertia and actuator-axis parameters along with their filter-produced standard deviations.
The estimation schemes that include the angular momentum state and measurement equation resulted in reasonably consistent inertia parameter estimates. The Variant 1 scheme, however, which made use only of the rotational kinetic energy measurement and state, produced significantly different inertia parameter estimates and larger standard deviations for those parameters. Comparing the final estimates of the momentum-based filters with actuator alignment parameter states to those without reveals little variation in the estimates between these filter configurations. The Base, Variant 2, Variant 3, and Variant 4 filters also produced similar inertia parameter estimates across the two-day separation between the calibration maneuvers performed on days 182 and 184 of 2008. As the assumed inertia parameters were identical for these two maneuvers, the consistency of the filter-produced estimates for the two data sets suggest that these inertia parameter estimation methods are reliable. The final estimate actuator axes of the Base and Variant 4 estimation schemes are also relatively consistent across all four calibration maneuvers. Because the axes of rotation of these momentum actuators are ideally considered fixed in the spacecraft's body frame, the similarity between these estimates also supports the accuracy of the filtering methods producing them.
The observed deviations of the inertia parameters, most noticeably the I yy and I zz terms, from the Figure 4 . Estimated inertia parameters for simulated maneuver and inaccurate actuator-axis knowledge mechanical prediction could be due to several effects not included. Imprecise knowledge of the fuel location on the spacecraft can introduce large uncertainties in the inertia parameters. Furthermore, as the estimation methods are for a rigid body spacecraft, motion of the fuel mass or any flexible appendages relative to the spacecraft body create a time-varying angular momentum "sink," whose effects could produce erroneous angular momentum estimates if the motion is of a sufficient magnitude. However, as the mechanical predictions of the MESSENGER spacecraft inertia parameters are still estimates and not necessarily "truth," the actual error in the estimated states is unknown.
CONCLUSIONS
This paper introduces a substantial modification to existing in-orbit inertia parameter estimation techniques by including the angular momentum of the spacecraft as part of the estimated state. This addition is particularly useful for an on-board recursive implementation of the filter, as it allows for the comparison of a predicted spacecraft angular momentum for a given inertia parameter set to an optimal estimate. As the mechanical alignment of momentum actuators on a spacecraft also contributes to the total system angular momentum, a parameterization of the misalignment error is also included in the estimated state. In addition to an angular momentum-based approach to Figure 5 . Estimated alignment parameters for simulated maneuver and inaccurate actuator-axis knowledge inertia parameter estimation, the literature also suggests examining the rotational kinetic energy of the spacecraft as a measurement equation for a filtering scheme. Although using this scalar measurement equation alone does not allow for the inclusion of actuator-alignment parameters as an estimated state, including both kinetic energy and angular momentum measurement equations in the development of the filter makes these parameters observable.
Under simplifying assumptions regarding the torque environment, an estimation scheme based only on an angular momentum measurement equation requires no numerical integration of any of the estimated states, allowing the algorithm to accept infrequent or unevenly-sampled measurements of the spacecraft attitude, angular velocity, and reaction-wheel speeds. Additional artificial process noise affecting the discrete-time dynamics of the angular momentum and inertia parameter states helps compensate for unincorporated, low-magnitude external torques and changes to the physical configuration of the spacecraft. Including kinetic energy as a measurement equation, however, necessitates the numerical integration of the actuator inputs projected onto the spacecraft angular velocity and places more stringent requirements on the sampling frequency of the spacecraft telemetry.
The performance of several parameter estimators including combinations of the angular momentum, kinetic energy, inertia parameter, and alignment parameters states were examined over both a simulated maneuver and using telemetry data during maneuvers of the MESSENGER spacecraft. All filters performed well when the actuator axes were accurately known in the simulated data set, but introduction of actuator alignment error produced significant deviations in the final state estimates of the filters that did not include an actuator-misalignment parameterization as a state. All angular momentum-based filters produced reasonable and consistent estimates of the MESSENGER spacecraft inertia parameters over the four calibration maneuvers examined. The two filters that included actuator-alignment parameters in the estimated state also produced consistent estimates of the actuator axes.
allows for the simple description of the actuator-axis alignment error:
The rotation matrix corresponding to ρ i is defined as 
In general, ρ i describe a three-parameter representation of the rotation between two sets of coordinates. For the present case of estimating a body-fixed axis, an appropriate choice of these coordinates can further reduce ρ i to an unambiguous two-parameter set.
Combining the initial estimated actuator axis with two arbitrary, constant, perpendicular directions defines a rotation matrix between actuator and spacecraft body coordinates:
Because β i is by definition perpendicular toâ i , its representation in the initial "guessed" actuator coordinates consists of only two non-zero parameters:
Using b i instead of β i to define the MRP set from equation (16) corresponds to defining the actuatoralignment error parameters with respect to the initial guess instead of the spacecraft body coordinates and produces a parameter set with only two non-zero values.
The true actuator axis can then be defined in terms of a known k Q gi and alignment error parameters p i with the use of equation (17):
Equation (21) can be linearized about a current estimate of the actuator-alignment parameters,p i . Crassidis and Markley provided a compact representation of the linearized effects of variations in a MRP set on a given vector observation. 14 This linearization can be re-interpreted as describing small variations in the estimated actuator axes: 
